In this paper we present a study of a specific class of vibration-driven robots: the brushbots. In a bottom-up fashion, we start by deriving dynamic models of the brushes and we discuss the conditions under which these models can be employed to describe the motion of brushbots. Then, we present two designs of brushbots: a fully-actuated platform and a differential-drive-like one. The former is employed to experimentally validate both the developed theoretical models and the devised motion control algorithms. Finally, a coordinated-control algorithm is implemented on a swarm of differential-drive-like brushbots in order to demonstrate the design simplicity and robustness that can be achieved by employing a vibration-based locomotion strategy.
I. INTRODUCTION
Many diverse robot locomotion modalities have been the subject of analyses and design studies carried out so far (see, e. g., Part B of [1] ). Some of these modalities are biologically inspired, as, for instance, in the case of batbots [2] , brachiating robots [3] , or robotic bees [4] . Others, instead, are the result of attempts to enhance human capabilities, the most remarkable example of which being the wheel [5] .
The reasons driving the efforts to understand different robot locomotion strategies can be summarized in the following ones: (i) improving the efficiency and the quality of human life (which led to the invention of the wheel); (ii) developing general design principles for more complex robotic platforms (as, e.g., in [6] , [7] ); (iii) understanding the underlying operating mechanisms (see, e.g., [8] , [9] ). This paper presents a theoretical and experimental study of a particular class of vibration-driven robots: the brushbots (Fig. 1) . The brushbot is a robot that employs elastic elements, referred to as brushes, to convert the energy of a vibration source into directed locomotion. The subset of the brushbots on which we focus our study is that of planar robots moving on a smooth surface. The reasons for studying this kind of robot and locomotion mechanism include all the ones mentioned above. First, we will develop a model for the brushbots and their locomotion strategy; second, we will provide the theoretical foundations required to further analyze more complex systems (as, for instance, [10] ); and, finally, we will demonstrate that the results of this study can be leveraged in many robotic applications, ranging from lowenergy environment monitoring [11] to medical robotics [12] , in order to refine the system design, improve performance and optimize execution.
A. Related Work
As will be elaborated on in more detail in Section II, the principle on which the motion of a brushbot relies is the alternation of stick and slip phases during which the brushes adhere or not to the ground. One of the first applications of the stick-slip mechanism to robot locomotion can be found in [13] , where a three-degree-of-freedom micro-robot is presented. Using this principle, in [14] , the authors propose an improved, energy-efficient design of a micro robot, together with a control strategy suitable for trajectory tracking. Due to the design simplicity and the resulting robustness, brushbots lend themselves to swarm robotic applications, where groups of robots are utilized to perform coordinated tasks in a decentralized fashion. This idea is explored in [15] , where the authors present the Kilobot, a small scale brushbot equipped with an infrared and a light sensor that enable the execution of decentralized swarming algorihtms. Collective behaviors of brushbots are also investigated in [16] , where the authors analyze the parameters governing the transition from a disordered motion to an organized collective motion.
As far as the analysis of brush dynamics is concerned, in [17] , a model is developed and validated using an experimental robotic platform. Here the authors do not focus on the motion control explicitly, as much as it is done in [18] . In the latter, an omnidirectional stick-slip robot is presented and a way of automatically calibrating it is proposed. A more theoretical analysis is performed in [19] , where the derived equations of motion are solved using a heuristic approach in order to obtain analytical formulas for the average velocity of the robot.
In this paper, we propose a dynamic model for brushbots, which starts from the microscopic analysis of the brushes to culminate in the macroscopic model of the robot. In particular, this model improves the ones which can be found in literature by explicitly taking into account the inertia of the brushes and the effects that it has on the resultant brushbot velocity. Moreover, the derived model will be further validated through the development of a trajectory tracking controller and the implementation of a coordinated control algorithm for a swarm of brushbots.
To summarize, the main contributions of the paper are the following: (i) we propose a brush model which considers the inertia of the brushes and the contact dynamics of their interaction with the ground; (ii) we analyze and qualitatively characterize different regimes of operation for the different models of brushbots developed in the literature; (iii) we present the mechanical design of two brushbots, a fully-actuated platform that can switch between regimes of operations, and a differential-drive-like brushbot, specifically designed for swarm robotics applications. Furthermore, in our related work [10] , we build upon the results of this paper and demonstrate the ability of brushbot swarms to achieve collective behaviors using simple local interactions.
II. MODELING OF VIBRATION-BASED LOCOMOTION
To understand the use of brushes for locomotion, let us start by developing a microscopic dynamic model of the brushes themselves. As discussed in Section I, the attempts at describing the brush dynamics using different physical models have been multiple. Depending on the considered robot design, the resulting developed models are fundamentally different. In this paper, we identify two regimes in which a brushbot can operate, and we analyze them in detail in Sections II-A and II-B. Section II-C discusses the range of parameters under which there two regimes are valid by highlighting the factors which cause a brushbot to operate in one regime rather than the other.
As in many types of locomotion, brushbots move by exploiting friction [20] . The source of energy for the system is given by vibration motors: these can be in the form of piezoelectric actuators as well as eccentric rotating mass motors. In the latter, a mass is mounted with an eccentricity with respect to the axle of a DC motor; when rotating, the mass produces a rotating centrifugal force which induces vibration in the robot body on which the motor is mounted. This kind of vibration motors are the ones considered in this paper. The produced vibrations are transformed into net motion by alternating a stick phase and a slip phase. Fig. 2 shows the sequence of stick-slip phases for two regimes in which brushbots can operate. Fig. 2a depicts regime I: on the left (stick phase), a schematic representation of the brushbot moves from the position depicted in black to the one depicted in gray. This is obtained by deforming the long flexible brush. On the right of the figure, the slip phase is shown: here the brush slides on the ground until the robot reaches the position depicted in gray. At this point, the robot has experienced a net displacement towards the right compared to the initial position (dashed contour). During these two steps, the robot body always remains parallel to the ground and the motion is achieved thanks to the deformation of the brush.
In Fig. 2b , regime II is depicted. This regime is characterized by the fact that stiff short brushes do not deform, but rather act as pivot points for the robot to rotate. During the stick phase (on the left of the figure) , the robot body rotates about a pivot point, whereas, in the slip phase (on the right), the robot body rotates back to its initial orientation while sliding towards the right. The two regimes can be more or less predominant depending on the physical characteristics of the robot, as will be discussed in Section II-C. In the following two sections, we derive the dynamic models for brushbots operating in the two described regimes.
A. Model for Regime I
The main factors that make brushbots operate in regime I rather than II are weight and brush stiffness. Regime I is characterized by a lower brush stiffness (more deformable brushes) and/or a heavier robot body. The following assumptions are used for the derivation of the brush dynamic model in this regime. Assumption 1. During operations in regime I, the brushes are always in contact with the ground. The heavier robot body, in fact, does not allow the centrifugal force generated by vibration motors to lift the robot from the ground. Assumption 2. The body of the brushbot always remains parallel to the ground. This is justified by the fact that the inertia of the body does not allow big rotations at the frequencies at which the vibration motors are typically actuated.
Assumption 3. The deformation of the brushes is planar. Indeed, the inclination of the brushes has the effect of reducing their equivalent stiffness in one direction.
We employ the Euler-Bernoulli beam model (see, e. g., [21] ) to analyze the motion of each brush. Figures 3a and 3b show the structural scheme used to model stick and slip phases, respectively. During the stick phase, the constraints are a guide at the top (where the brushes connect to the robot) and a hinge at the bottom (at the contact with the ground). In the slip phase, a horizontal translational degree of freedom for the interaction with the ground is added by using a roller support in place of the hinge. This allows the tip of the brush in contact with the ground to slide.
The Euler-Bernoulli beam model allows us to evaluate the deformed shape of the brush, as well as its equivalent stiffness, by solving the following boundary value problem:
(1) (a) Regime I: robots operating in this regime are characterized by a high flexibility of the brushes. The vibrations are modeled as alternating vertical forces which deform the brushes during the stick phase and pull the robot up during the slip phase. At this moment, the friction reduces proportionally to the reduction of normal force, allowing the brush to slide and the robot to step forward.
(b) Regime II: light robots with stiff brushes can operate in this regime. As the flexibility of the brushes cannot be exploited, locomotion is achieved by the sequence of two rigid body rotations happening in sequence. The first one in the stick phase and the second in the slip phase, during which the brushbot experiences a net displacement. Here, v represents the displacement of the beam in the direction orthogonal to the beam axis ξ, v is used to denote dv/dξ, F = mω 2 r sin(ωt) is the centrifugal force produced by an eccentric rotating mass motor which rotates a mass m, at speed ω, mounted with an eccentricity r with respect to the motor axle. E and I are the Young modulus and the second area moment about ξ ⊥,1 of the beam. l and α are the length and inclination of the beam, respectively. The solution to (1) is given by
So, the displacement v of the robot body at the tip of the brush can be evaluated as:
During the slip phase (Fig. 3b) , the robot body moves upwards, reducing the horizontal force due to friction which acts on the brush tip. The net horizontal displacement can be calculated as follows (see [22] for more details):
Considering the fact that the robot experiences a displacement of δ per full rotation of the motor, the ground speed of the robot, v r , can be obtained as follows:
where ω is the angular velocity of the motor. For the study of the oscillating brush dynamics, we use a lumped-parameter second-order model with stiffness and inertia given by
where ϑ is the angle displacement of the brush with respect to the rest position α, and M b denotes the mass of the brush.
In order for k ϑ to be well-defined, we introduce the following assumption.
Assumption 4. The inclination angle of the brushes α ∈ (0, π/2), i. e. each brush is neither horizontal nor vertical.
In the analysis of the dynamic effects introduced by the inertia of the brushes, we start by calculating the time that the brushes take, during the slip phase, to go back to the rest position from the configuration reached at the end of the stick phase (see Fig. 2 ). Taking into account their inertial effects, the brushes can be modeled as the following initial-condition problem for the second-order system:
whose solution is given by ϑ(t) =θ cos(ω n t), where
is the natural frequency of the brush. The time to go back to the rest position is the earliest time at which ϑ(t) = 0, i. e. ω n t = κπ/2. So, the earliest time instantt at which the brushes come back to the undeformed configuration is given byt = π/2 M b l 4 cos α/(6EI). Stiffer (larger EI), shorter (smaller l), less inclined (smaller α), lighter brushes (smaller M b ) lead to a faster response to vibrations (smallert). While the vibration motor is rotating, the slip phase occurs if the friction between the brush and the ground is not enough to prevent the brush from sliding. The transition from the stick phase to the slip phase is triggered by a reduction of the force acting on the robot and normal to the ground due to centrifugal acceleration of the unbalanced rotating mass. Therefore, a quarter of period of revolution of the motor is the time the brushes have to move forward during the slip phase. Thus, to maximize the net displacement of the robot, we want to achieve a motor speed ω such that t = 1/4 T = π/(2ω), where T is the period of revolution of the motor. Finding ω from the expression oft, yields ω * = 6EI/(M b l 4 cos α) = ω n Thus, not surprisingly, if the motor speed matches the natural frequency of the brushes ω n , the displacement of the robot is maximized. This can be also seen by considering the model in (5) with a non-zero input force:
whose forced solution is given by
According to the model (7), the amplitude of the brush oscillations, |θ(ω)| → ∞ as ω → ω n . In practice, there are damping effects which will reduce the oscillation amplitude to a finite value. However, notice also that the model derived in this section holds under Assumpion 1. Therefore, it cannot be used to analyze the motion of the brushbot in case ω is such that mω 2 r sin(ωt) > M g, where M g is the weight of the robot, M being its mass. At this point, the robot starts transitioning towards regime II which will be explained in the following section.
B. Model for Regime II
The model for the second regime in which brushbots can operate predicts the robot motion under the following assumption. Similar to what has been discussed for regime I, also in this second regime we have the alternation of stick and slip phases as shown in Fig. 2b . The difference with the previous case lies in the fact that the effect of the deformation of the brushes is not significant and, therefore, can be neglected. In order to model the motion of the brushbot, by Assumption 5, we can write the following rigid body motion equations for a brushbot operating in regime II:
1 Despite their expressions, I ϑθ and k ϑ ϑ are not torques, but rather forces.
where I P is the rotational inertia about point P shown in Fig. 4 , where the quantities w, w G and the gravitational force acting on the robot body are depicted. In order to simulate the interaction with the ground, the constraint ϑ r ≥ 0 has been enforced. At the point of impact on the ground, we assumė ϑ r = 0 andθ r = 0. In [22] , a simulation of this model is used to show that the brushbot can indeed locomote under the assumptions of this model. Observation 6. The rotation of the robot body is neglected for the development of an analytical model for regime I, because the flexibility of the brushes prevails on the rigid rotation of the robot body. Here, on the other hand, the brushes are assumed to be rigid, therefore, the rotation angle of the robot body has the most significant effect. The brushbot velocity, expressed as a function of |θ r |, is given by v r ≈ ωh|θ r |/(2π), obtained using a small angle approximation (see [22] for further details).
C. Range of Applicability of the Models
In [16] and [14] , two vibration-driven robots which work in regime I and regime II, respectively, are presented. The fundamental differences between these robots are related to their weight and the brushes they employ to transform vibrations into motion. In the following, we discuss the physical characteristics of brushbots which cause the models for regimes I and II to be able to describe more or less accurately the robot motion.
1) Rigidity of the Brushes: Expressed in terms of EI in (1), the rigidity of the brushes proportionally influences the equivalent stiffness (4) and therefore the natural frequency (6) . A high rigidity, however, means also a small displacement v(l) in (2) . In practice this means that a stiffer robot moves very little per each revolution of the motor, although it is able to vibrate more at faster frequencies, as indicated by (8) . For this reason, brushbots equipped with stiffer brushes are more likely to operate in regime II.
2) Mass of the Brushbot: The influence of the mass of the robot is recognizable in the effect it has on the inertia I P used in (9) that the robot exhibits with respect to rigid rotations around axes that lie in the plane in which the robot moves. Therefore, at a constant power produced by the motors, robots operating in regime II typically have smaller masses compared to the ones operating in regime I. This, in fact, results in smaller inertias which allow the robots to quickly respond to alternating input forces. In the case of robots operating in regime I, the flexibility of the brushes reduces the response bandwidth, given by the natural frequency (6) . Therefore, the motion due to regime I dominates the one due to regime II.
3) Inclination of the Brushes: By Assumption 4, the inclination of the brushes, α, is never equal to π/2. In the limit case in which α = π/2, in fact, the dynamic model (5) for regime I predicts zero net motion of the robot. When the brushes become straight (α → π/2), in fact, the brushbot starts operating mainly in regime II. 
4) Multiple Sets of Brushes:
A factor that influences the brushbot motion is the position of multiple sets of brushes and actuators, which will be explicitly considered in the next sections. The presence of multiple brushes introduces constraints which are not taken into account in the model of regimes I and II. In fact, the superposition of the effects that different sets of brushes have due to their different orientations can result in drastically different behaviors depending on the regime in which the robot operates. Consider a brushbot configuration where three sets of brushes are oriented radially equally spaced along the circumference of the brushbot. This leads to the practical impossibility of motion of such a brushbot operating in regime I, whereas can be exploited to achieve holonomic motion when operating in regime II.
In Sections III and IV, we show how to leverage the effects described above together with the models developed in this section in order to design and control fully-actuated and differential-drive brushbots.
III. DESIGN AND CONTROL OF BRUSHBOTS
In this section, we present the design and control of a fully-actuated brushbot which can operate in regime I and II and can be used to validate the theoretical model developed in Section II. The design shown in Fig. 5 is fully-actuated insofar as we can control both the velocity of the motors and the inclination of the metallic rods, which play the role of the brushes. The actuation of the speed of the motors is obtained through a standard regulation of the voltage supplied to the motors, whereas the inclination of the brushes is realized by means of a three-degree-of-freedom Stewart platform [23] . The controllable degrees of freedom of the platform are roll and pitch angles, encoded by the xy-components, A and B, of the vector normal to the platform, and the vertical position of the center of the platform, C. The inverse kinematics required to obtain the angular velocity of the servo motors, ω s,i , as a function of the desired angular and linear velocity of the Stewart platform are given by: where [x i , y i , z i ] T , i = 1, 2, 3 are the positions in space of three points of the Stewart platform of which the third component, z i , can be actuated through the servo motors according to the relationż i = ω s,i d, d being the length of the servo motor cranks. As mentioned above, the design of the brushbot presented in this section is able to switch between operating regime I and II. In view of what has been discussed in point (iii) in Section II-C, the switch from regime I to regime II is achieved by constraining the metallic rods to remain vertical and by individually actuating the three vibration motors. The design of the mechanism which allows this switch is shown in the exploded view of the brushbot in Fig. III : by pulling the Stewart platform up, the servo motors push the top hemispherical tip of the metallic rods against the main body. This prevents them from inclining. The actuation of the vibration motors, placed diametrically opposite with respect to each of the metallic rods, realizes the motion of the brushbot described in Fig. 4 in the three different sagittal planes of the robot. In [22] , the results of a series of experiments conducted to validate the derived dynamic model and to test a trajectory-tracking controller are reported.
IV. BRUSHBOTS IN SWARM ROBOTICS
Leveraging the knowledge gained in the analysis of the brush dynamics, as well as macroscopic effects resulting from the presence of multiple sets of brushes, this section presents the design of a simple and robust brushbot. The time to build the brushbot that is presented in this section is, in fact, less than three hours, which include 3D printing, soldering and preparation of the brushes. The unit cost is kept below 30$, which can be significantly reduced if the number of robots to produce increases. The design of simple, easy and fast-to-build, robust brushbot makes it very appealing and suitable for swarm robotics applications, which deal with the coordination and interactions of a large number of robots. Fig. 6 shows the schematic design of the brushbot presented in this section: it is a differential-drive-like brushbot, which consists of two sets of brushes mounted parallel to each other on two opposite sides of a rigid platform. Two motors (shown in Fig. 7 ) are mounted on top of each of the brushes. This design embodies the interplay between regime I and II described in Section II in a different way compared to the design in Section III. The motion of the differentialdrive brushbot can be described as follows. Actuating the left motor produces a velocity given by (3), indicated as v L in Fig. 6 , at the left set of brushes (as described by regime I). At the same time, due to the actuation of the left motor, the robot pivots about the right set of brushes, which induces a net angular velocity, ω r , of the robot (as predicted by regime II) The rigid body dynamics of the robot are then v L,R = v r −ω r ×(P L,R −O). Then, the expressions of linear and angular velocities of the differential-drivelike brushbot, with abuse of notation, are given by v r = (v L + v R )/2, ω r = (v R − v L )/W , The motor speeds ω L,R to realize the linear speeds v L,R can be calculated using (3) .
Examples of swarm-robotics algorithms implemented on a swarm of brushbots can be found in [22] and in the online video at https://youtu.be/1AoQofZpRAg. Observation 7. The advantages related to design simplicity and ease of assembly of the brushbots presented in this section, lead to robustness properties which are desirable for swarm robotics applications. In particular, the fact that the vibration motors do not have to be directly coupled with the brushes lets us design the robots in such a way that all the moving parts are contained within the convex hull of the main body of the robot (see in Fig. 7 ). This allows brushbots to tolerate collisions, even of significant magnitude, with other robots and obstacles present in the environment. In our related work [10] , we show how this advantage can be used to programmatically achieve higher-level swarming behaviors, such as clustering and phase-separation.
V. CONCLUSIONS
In this paper we presented a theoretical and experimental study of the brushbots, a class of vibration-driven robots. The use of brushes for locomotion has been investigated from a theoretical point of view, leading to the development of improved dynamic models both of the brushes and of the brushbots. Moreover, a series of experiments have been used to validate the derived theoretical models and to characterize their range of applicability. Furthermore, the design of two robotic platforms is presented: a fullyactuated and a differential-drive-like brushbot. In particular, a swarm of 26 differential-drive-like brushbots has been used to showcase swarm-robotics applications in order to validate the modeling, design and control of this kind of robots.
